If a finite abelian group is expressed as the product of subsets each of which has a prime number of elements and contains the identity element, then at least one of the factors is a subgroup. This theorem was proved by L. Redei in 1965. In this paper we will give a shorter proof.
1. Introduction. Let G be a finite abelian group written multiplicatively, and let A u ... ,A n be subsets of G. If each g e G is uniquely expressible in the form g = a\ a n > a\ e A\,..., a n e A n , then we say that G -A\ Ά n is a factorization of G. If each A\ contains the identity element, we speak of a normed factorization.
The subset {1, g, g 2 ,..., g q~1 } will be denoted by [g, q] and called the simplex generated by g with length q, provided that q is a positive integer not greater than the order of g.
Let H be the /?-Sylow subgroup of G and K its direct factor complement. We denote the order of K by p f . Each g e G can be expressed uniquely in the form g = hk, h e H, k e K. The element h will be called the /7-part of g and denoted by g\ p , and the element k will be denoted by g\ p t.
We will use these two known facts. (1) The nth cyclotomic polynomial is irreducible over the rath cyclotomic field if ra is prime to n.
(2) Let n > 1 be an integer and p its smallest prime factor. Then any set of fewer than p «th roots of unity is linearly independent over the field of rationals.
For a short proof see [5] . Proving a conjecture made by H. Minkowski in 1896, G. Hajόs in 1941 showed that in a simplex factorization of a finite abelian group at least one of the simplices must be a subgroup.
It may be assumed without loss of generality that in this theorem the lengths of the simplices are primes. So the following result of L. Redei is a broad generalization of it. This theorem actually implies a stronger form of itself. Indeed, let G = A\ A n be such a factorization. Factoring the group modulo a subgroup factor we obtain a normed factorization of the factor group. Repeating this process, we conclude that after a suitable permutation of the factors, the partial products A\ 9 A1A2, AγA^A^ ...,A\A2--A n form an increasing chain of subgroups.
The purpose of this paper is to give a shorter proof for Redei's theorem. Our proof follows Redei's proof which consists of five steps. Although each of them is shortened and simplified, the simplifications of the last two steps are the most significant.
Replaceable factors.
If χ is a character and A is a subset of G, then χ(A) denotes ^Z aeA x{a).
Let /,-be the /th character of G and gj the yth element of G. The standard orthogonality relations show that the columns of the matrix Xi(gj) are linearly independent. Using this we see that if A and B are subsets of G and χ{A) = χ{B) for each character of G, then A -B. Since the least prime factor of p 9 is greater than /?, this violates (2) and let r o ,...,r 5 _i be all the different numbers among ίo,...,ίp_i. Now
where A/ is a sum of at most p p'th roots of unity. So according to (2) , A/ φ 0; hence Λ(.x) is not the zero polynomial. Since 0 = A(p) = F(p) and since F(x), the p"th cyclotomic polynomial, is irreducible over the p'th cyclotomic field,
We know that 0 < deg^l(x) < p n -1 and degF(jc) = (p -IK" an^ xifkλp*) = 1 imply that χ(ai\ P ') = 1 for 0 < i <p -1, and this completes the proof. ae A} for arbitrary exponents v(a).
KERESZTELY CORRADI AND SANDOR SZABO
Proof. Adopting the notation of the previous proof,
The proof of the next lemma and its corollary is a routine consideration after the previous two proofs. LEMMA 

THEOREM 3. If G = AB is a normedfactorization and \A\ = \B\ = p, then A or B is a subgroup ofG.
Proof. The theorem is clearly true for p = 2, so we can suppose that p > 2. The subset A has a nonidentity element u. The subset B must have an element v which is not in ( 
and>(jc)|£(jr) we have F(JC)|G(JC) and E(x)/F(x)\E'(x). G
Comparing degrees in the last relation we see that G{x)(G'{x) -1) must be the zero polynomial. G(x) cannot be the zero polynomial since x is one of its terms. Hence 1 = G r (x) = E f (x) + 1, i.e. E'{x) is the zero polynomial, from which it follows that E(x) = x p + c. Here c must be 0, so αo = = OL P -\ = 0 and the proof is complete.
RedeΓs theorem for /?-groups.
In this section let p be a prime and let G be a finite abelian /7-group. THEOREM 
If G -A\-A n is a normed factorization of G such that all factors haw p elements, then one of the factors is a subgroup.
Proof. We use induction on n. The case n = 1 is trivial so let n > 2. By Corollary 1 (i) every factor can be replaced by a simplex.
If each factor contains element of order at least p 2 then using them we can construct a simplex factorization without subgroup factor. Thus there exists a factor, say A\ 9 whose nonindentity elements have order p. Consequently, A\ can be replaced by a subgroup H. Since the partial products are subgroup, K = HA2
A n -\ is a subgroup of G. If A\ c K, then K = A\A 2 A n _\ is a factorization of K. By the inductive assumption we are done.
Thus A\ is not in K. So A\ can be replaced by a subgroup L such that L Π K = {1}. From the factorization G = LA 2 -A n we deduce that there is an index j such that LAj is a subgroup. If j Φ n, then KnLAj = Aj is the desired subgroup. Therefore LA n is a subgroup. If L^fl is cyclic then L c Φ(LA n ) c Φ(G) c AT is a contradiction. (Here Φ(G) denotes the Frattini subgroup of G.) Thus L^4 n is noncyclic. So the nonidentity elements of A n have order/?. Consequently A n can be replaced by a subgroup M. Note that G = KM is a factorization and so Λf Π K = {1}. From the factorization G = ΛL4i -Ά n -\ it follows that there exists an index j such that MAj is a subgroup. If j Φ 1, then K Π Λfv4 ; = ^y is the desired subgroup. Thus N = MA\ is a subgroup. If A n is not in N then ^4 n can be replaced by a subgroup T such that TnN = {1}. As before Γ^i is a subgroup so NnTA\ = î s a subgroup. Thus ^ c N. Hence T = A\A n is a factorization and this reduces the problem to the case of elementary / -groups of order P 2 .
KERESZTELY CORRADI AND SANDOR SZABO
6. Redei's theorem for non /?-groups. In this section G is a finite abelian non /?-group. The product of the heights of factors of a factorization will be called the height of the factorization. THEOREM 5. ifG = A\ Ά n is a normedfactorization ofG such that all factors have prime cardinality, then one of the factors is a subgroup.
Proof. Assume the contrary and choose a counterexample such that \G\ is minimal and the height of the factorization is minimal for this G. Let p be the smallest prime divisor of |G|. If each factor of cardinality p has only /?-elements, then these factors form a factorization for the j9-Sylow subgroup of G. Thus we may suppose that there exists a factor of cardinality p having not only p-elements. Let it be A \. By the minimality of the height of the factorization and Corollary 1 (ii) we may suppose that there is only one non-/?-element in A\, say a. It means that there is a prime q with qφp and a\ q φ 1. Again by (ii) we may suppose that a\ p ι -a\ q and moreover \a\ q \ = q. Elements of A\ can be replaced by their p-parts. Now the height of the factorization is decreased. Consequently this replaced factor B\ is a subgroup of G. Rearranging the factors of the new factorization, we have G = B\ --B n , where B\,BiB 2 ,..., B\B 2 B n are subgroups of G. Let H = B\"B n -\.
If A\ c H, then H = A\B 2 B n _ x is a factorization and we are done. Thus aφH.
Since a\ q Φ \ 9 \G : H\ = q. The factorization G = HB n concludes that B n is a complete set of representatives for the cosets of H in G. Thus there exists anx" 1 e B n with ax~ι e H.
Let C = (Bχ\ {a\ p }) u {ax~1}. Note that H = CB 2 B n _ x is a factorization. We should observe that products from CB 2 B n _\ occur among the product of the factorization A\ -Ά n . By the minimality of \G\ there is a subgroup among the factors. This must be C. If \C\ > 3 then a\ p -ax~\ that is, x = a\ q . Since a\ q can be replaced by its powers, B n = (a\ q ) is a subgroup of G. If \C\ = 2 then \ax~ι\ = 2 and so a 2 = x 2 . Now p = 2 and # ^ 2; hence x|^ = a\ q . Since α|^ can be replaced by its powers, B n \ {1} contains only elements of order q and 2q. By Corollary 2 we may repeat the whole consideration by B n in place of B\ and in addition now \B n \ = q > 3. This completes the proof.
